We consider a U(1)-invariant nonlinear Dirac equation, interacting with itself via the mean field mechanism. We analyze the long-time asymptotics of solutions and prove that, under certain generic assumptions, each finite charge solution converges as t → ±∞ to the two-dimensional set of all "nonlinear eigenfunctions" of the form φ(x)e −iωt . This global attraction is caused by the nonlinear energy transfer from lower harmonics to the continuous spectrum and subsequent dispersive radiation.
for any trajectory ψ(t) of the corresponding dynamical system, where the limiting states |E ± depend on the trajectory. Then the quantum stationary states should be viewed as points of the global attractor.
At first glance, the global attraction (I.1) seems incompatible with the energy conservation and time reversibility of Hamiltonian systems. We intend to verify that such asymptotics in principle are possible for nonlinear Hamiltonian field equations. In this paper, we verify this asymptotics for equations of Dirac type.
Developing de Broglie's ideas, Schrödinger identified quantum stationary states of energy E with the solutions of type ψ(x, t) = e −iEt/h − ψ(x), x ∈ R 3 . (I.2)
Then the Schrödinger equation
i ∂ t ψ = Hψ := − 2 2m ∆ψ + V (x)ψ, ψ = ψ(x, t) ∈ C, x ∈ R 3 , (I.3)
becomes the eigenvalue problem Eψ(x) = Hψ(x). One of the original Schrödinger's ideas [Sch26a] was to identify the integers in the Debye-Sommerfeld-Wilson quantum rules with the integers arising in the eigenvalue problems for PDEs. For the case of the free particles, this identification agrees with the de Broglies wave function ψ(x, t) = e
where p ∈ R 3 is the momentum of the particle. For the bound particles in an external potential, the identification (I.2) reflects the fact that the space is "twisted" by the external field, while the time remains "free".
Thus, the reason for Schrödinger's choice of quantum stationary states in the form (I.2) seems to be rather algebraic. At the same time, the attraction (I.1) suggests the dynamical interpretation of the quantum stationary states as asymptotic states in the long time limit, that is, An adequate description of "quantum jumps" in an atom requires that we consider the equation for the electron wave function (Schrödinger or Dirac equation) coupled to the Maxwell system which governs the time evolution of the fourpotential A µ (x, t) = (ϕ(x, t), A(x, t)). The corresponding Maxwell-Schrödinger system was initially introduced by Schrödinger in [Sch26b] . Its global well-posedness was considered in [GNS95] . The results on local existence of solutions to the Dirac-Maxwell system were obtained in [Bou96] . The coupled systems are U(1)-invariant with respect the (global) gauge group ψ(x),
Respectively, one might expect the following natural generalization of asymptotics (I.4) for solutions to the coupled Maxwell-Schrödinger or Maxwell-Dirac equations:
The asymptotics (I.5) would mean that the set of all solitary waves forms a global attractor for the coupled system. The asymptotics of this type are not available yet in the context of coupled systems.
II. MODEL AND THE RESULT
In the present paper we consider the Dirac equation with the mean field interaction:
where the Hermitian 4 × 4 matrices α j and β satisfy {α j , α k } = 2δ jk I, {α j , β} = 0, β 2 = I. We write ρ, ψ(·, t) =
where ρ is a spinor-valued coupling function from the Schwartz class:
, where u k ∈ R, p ≥ 2, and u p > 0.
Since one has F (e iθ z) = e iθ F (z) for θ ∈ R, z ∈ C, equation (II.1) is U(1)-invariant, where U(1) stands for the unitary group e iθ , θ ∈ R mod 2π. By the Nöther theorem, the charge functional Q(ψ) = R 3 |ψ| 2 d 3 x is conserved. Equation (II.1) is the simplest model sharing the following features with the Maxwell-Dirac system, which we consider the key for global attraction to solitary waves: The model has U(1)-symmetry; It is dispersive; It is nonlinear. The first feature allows for solitary waves, while the last two features are responsible for the "friction by dispersion" mechanism: The nonlinearity moves the perturbations into the continuous spectrum of the linearized equation, and thereafter the perturbations are dispersed to infinity. Let us also mention that the modelling of the interaction of the matter with gauge fields in terms of local self-interaction takes its origin back to at least as early as [Sch51] , where the Lorentz-invariant nonlinear Klein-Gordon equation originally appeared.
Definition II.2. The space of states of finite charge is X = L 2 (R 3 , C 4 ), with the standard norm denoted by · L 2 . Equation (II.1) formally can be written as a Hamiltonian system with the phase space X ,ψ(t) = J DH(ψ), where DH is the variational derivative with respect to Re ψ µ , Im ψ µ , µ = 1, . . . , 4, of the Hamiltonian
Define the projectors
onto the corresponding eigenspaces, and denoteρ ± (ξ) := Π ± (ξ)ρ(ξ).
Assumption II.3.
(i) For any λ > 0,ρ + (ξ) andρ − (ξ) do not vanish identically on the sphere |ξ| = λ.
(ii) The function
is nonzero for all ω ∈ [−m, m], except perhaps at one point which will be denoted ω σ ∈ [−m, m].
Remark II.4. Note that limits σ(m
Let us give examples of such functions ρ ∈ S (R 3 , C 4 ). We take a spherically symmetric function ρ such thatρ(ξ) = 0 for ξ = 0, withρ(ξ) being an eigenvector of β (since β is Hermitian and β 2 = 1, its eigenvalues are ±1). Then
The integral of the term with α j ξ j dropped out sinceρ(ξ) is spherically symmetric. Let us now consider σ(ω). Due toρ being spherically symmetric, α j ξ j -term cancels out from the integration in (II.2). Since we require thatρ(ξ) be an eigenvector of β, one hasρ(ξ) −iωt , where ω ∈ R, φ ω (x) ∈ X . The solitary manifold is the set S = φ ω : φ ω (x)e −iωt is a solitary wave ⊂ X .
is an analytic function of ω ∈ C + with the values in S (R 3 , C 4 ). One can show that for any x ∈ R 3 , Σ(x, ω) can be extended to the real line ω ∈ R as the boundary trace (in the sense of tempered distributions):
One has Σ(·, ω) ∈ X for ω ∈ (−m, m). For ω = ±m, Σ(·, ω) ∈ X only whenρ ± (0) = 0. 
with U (·) from Assumption II.1. One has φ ω (x) = CΣ(x, ω). For ω = ±m, φ ω (x) ∈ X only whenρ ± (0) = 0.
Remark II.7. Due to Assumption II.1, the set S from Definition II.5 is invariant under multiplication by e iθ , θ ∈ R. Generically, the solitary manifold S is two-dimensional. It may contain disconnected components.
Remark II.8. Since F (0) = 0, the zero solitary wave is an element of S, formally corresponding to any ω ∈ R.
Remark II.9. It is possible that for some ω equation (II.5) has nonzero roots C j ∈ C of different magnitude; then there are solitary wave solutions corresponding to each of these roots. 
The Sobolev Embedding Theorem implies that the embedding X ⊂ Y is compact for any ε > 0. We work in the L 2 setting because of the absence of existence results for finite energy solutions. As a result, the convergence to the attractor holds just below L 2 , in local H −ε -norm. The convergence to S is due to the "friction by dispersion": the nonlinearity carries the excess energy into the continuous spectrum, where it is subsequently dispersed to infinity, and the remaining part of the solution settles to one of the nonlinear eigenstates (or zero). By the Titchmarsh Convolution Theorem (see [Tit26] and [Yos80] ), this process can only stop when the time-spectrum of the solution consists of the single frequency, that is, when the limiting solution coincides with a nonlinear solitary wave (a nonlinear Schrödinger eigenstate). It is only for such states that the energy transfer from lower harmonics into the continuous spectrum (the spectral inflation) is absent.
Let us comment on our methods. We follow the path developed in [KK07, KK08, KK09]: we prove the absolute continuity of the spectral density for large frequencies, use the compactness argument to extract the omega-limit trajectories, and show that these trajectories have the finite time spectrum. Then we use the Titchmarsh Convolution Theorem to pinpoint the spectrum to a single frequency. Let us note that the Titchmarsh theorem is only applicable if we assume that F admits a real-valued polynomial potential (Assumption II.1).
III. CONCLUSION
We demonstrated that in a particular nonlinear dispersive equation, whose linearization is the Dirac equation, the convergence to Schrödinger states for long positive and negative times takes place as a consequence of "friction by dispersion", so that the solution settles to one of the nonlinear eigenstates (or to zero). We conjecture that a similar consideration will allow to prove convergence to nonlinear eigenstates in systems such as coupled Maxwell-Dirac equations, providing a dynamical description of Bohr's "quantum jumps".
